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SCHUBERT DECOMPOSITIONS FOR IND-VARIETIES OF GENERALIZED 

FLAGS 

LUCAS FRESSE AND IVAN PENKOV 


Abstract. Let G be one of the ind-groups GL(oo), 0(oo), Sp(oo) and P C G be a split¬ 
ting parabolic ind-subgroup. The ind-variety G/P has been identified with an ind-variety of 
generalized flags in [5]. In the present paper we define a Schubert cell on G/P as a B-orbit 
on G/P, where B is any Borel ind-subgroup of G which intersects P in a maximal ind-torus. 
A significant difference with the finite-dimensional case is that in general B is not conjugate 
to an ind-subgroup of P, whence G/P admits many non-conjugate Schubert decompositions. 
We study the basic properties of the Schubert cells, proving in particular that they are usual 
finite-dimensional cells or are isomorphic to affine ind-spaces. 

We then define Schubert ind-varieties as closures of Schubert cells and study the smoothness 
of Schubert ind-varieties. Our approach to Schubert ind-varieties differs from an earlier approach 
by H. Salmasian m- 


1. Introduction 

If G is a reductive algebraic group, the flag variety G/B is the most important geometric 
object attached to G. If G is a classical ind-group, G = GL( oo), O(oo), Sp(oo), then there are 
infinitely many conjugacy classes of splitting Borel subgroups B, and hence there are infinitely 
many flag ind-varieties G/B. These smooth ind-varieties have been studied in [3, .HE], and in 
|4] each such ind-variety has been described explicitly as the ind-variety of certain generalized 
flags in the natural representation V of G. A generalized flag is a chain of subspaces of V 
satisfying two conditions (see Definition [Tj) , but notably such a chain is rarely ordered by an 
ordered subset of Z. 

In this paper we undertake a next step in the study of the generalized flag ind-varieties G/B, 
and more generally any ind-variety of the form G/P where P is a splitting parabolic subgroup 
of G. Namely, we define and study the Schubert decompositions of the ind-varieties G/P. The 
Schubert decomposition is a key to many classical theorems in the finite-dimensional case, and 
its role in the study of the geometry of the ind-varieties G/P should be equally important. 
We define the Schubert cells on G/P as the B-orbits on G/P for any Borel ind-subgroup B 
which contains a common splitting maximal ind-torus with P. The essential difference with 
the finite-dimensional case is that B is not necessarily conjugate to a Borel subgroup of P. This 
leads to the existence of many non-conjugate Schubert decompositions of a given ind-variety of 
generalized flags G/P. We compute the dimensions of the cells of all Schubert decompositions 
of G/P for any splitting Borel subgroup B C G. We also point out the Bruhat decomposition 
into double cosets of the ind-group G which results from a Schubert decomposition of G/P. 

In the last part of the paper we study the smoothness of Schubert ind-varieties which we 
define as closures of Schubert cells. We establish a criterion for smoothness which allows us 
to conclude that certain known criteria for smoothness of finite-dimensional Schubert varieties 
pass to the limit at infinity. 

In his work [T2] . H. Salmasian introduced Schubert ind-subvarieties of G/B as arbitrary 
direct limits of Schubert varieties on finite-dimensional flag subvarieties of G/B. He showed 
that such an ind-variety may be singular at all of its points. With our definition, which takes 
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into account the natural action of G on G/B, a Schubert inch variety has always a smooth big 

cell. 


2. Preliminaries 

In what follows K is an algebraically closed held of characteristic zero. All varieties and 
algebraic groups are defined over IK. If A is a finite or infinite set, then | A\ denotes its cardinality. 
If A is a subset of the linear space V, then (A) denotes the linear subspace spanned by A. 


2.1. Ind-varieties. An ind-variety is the direct limit X = lim X n of a chain of morphisms of 

—y 

algebraic varieties 

(i) x n ^x n+l ^.... 

Note that the direct limit of the chain ([!]) does not change if we replace the sequence {A" n } n >i 
by a subsequence {X in } n >i and the morphisms ip n by the compositions (p in := <Pi n+1 -1 o • • • o 
<Pi n +i ° <Pi n . Let X' be a second ind-variety obtained as the direct limit of a chain 


/4 1 -- 


A morphism of ind-varieties f : X' —>■ X is a map from lim X' n to lim X n induced by a collection 

of morphisms of algebraic varieties {f n : X' n —> X ln } n >\ such that (f>i n o f n = f n+1 o tp' n for all 
n > 1. The identity morphism idx is a morphism that induces the identity as a set-theoretic 
map X — y X. A morphism f : X' —» X is an isomorphism if there exists a morphism g : X —» X' 
such that g o f = idx' and f o g = idx- 

Any ind-variety X is endowed with a topology by declaring a subset U C X open if its inverse 
image by the natural map X rn —> lim X n is open for all m. Clearly, any open (resp., closed) 

—y 

(resp., locally closed) subset Z of X has a structure of ind-variety induced by the ind-variety 
structure on X. We call Z an ind-subvariety of X. 

In what follows we only consider chains (JT]) where the morphisms Lp n are inclusions, so that 
we can write X = {j n>1 X n . Then the sequence {X n } n >i is called exhaustion of X. 

Let x G X, so that x G X n for n large enough. Let m„, yr C Ox n , x be the maximal ideal of the 
localization at x of Ox n ■ For each fc>lwe have an epimorphism 


( 2 ) 




: S k (m n , x /m 2 nx ) -a m^/m 


k+1 
n,x * 


Note that the point x is smooth in X n if and only if ip n ^ is an isomorphism for all k. By taking 
the inverse limit, we obtain a map 


f>k := 


lim (pnk - lim S k (m nx /xn^ ) —> limtnj /m ^ 1 

<— -s— ’ ’ 


which is an epimorphism for all k. We say that x is a smooth point of X if and only if f>k is an 
isomorphism for all k. We say that x is a singular point otherwise. The notion of smoothness 
of a point is independent of the choice of exhaustion {X n } n >i of X. We say that X is smooth 
if every point x G X is smooth. As general references on smooth ind-varieties see [8j Chapter 
4] and [TT]. 


Example 1. (a) Assume that every variety X n in the chain ([!]) is an affine space, every image 
ip n (X n ) is an affine subspace of X n+ i, and lim dim X n = oo. Then, up to isomorphism, 

n —^oo 

X = lim X n is independent of the choice of {X n , (p n } n >i with these properties. We write X = 

A°° and call it the infinite-dimensional affine space. For instance, A°° admits the exhaustion 
A°° = (J n>1 A n where A n stands for the n-dimensional affine space. The infinite-dimensional 
affine space A°° is a smooth ind-variety. 

(b) If every variety X n in the chain (JT]) is a projective space, every image <p n (X n ) is a projective 
subspace of A n+1 , and lim dim X n = oo, then X = lim X n is independent of the choice of 

n—>-oo —y 
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{X n , (pn } n >i with these properties. We write X = P°° = IJ n >i an d call P°° the infinite¬ 
dimensional projective space. The infinite-dimensional projective space P°° is also a smooth 
inch variety. 

A cell decomposition of an ind-variety X is a decomposition X = LLe/ X; into locally closed 
ind-subvarieties X,, each being a finite-dimensional or infinite-dimensional affine space, and 
such that the closure of each X; in X is a union of some subsets Xj (j G /). 

2.2. Ind-groups. An ind-group is an ind-variety G endowed with a group structure such that 
the multiplication G x G —> G, (g, h ) ha gh , and the inversion G —> G, g ha g _1 are morphisms 
of ind-varieties. A morphism of ind-groups f : G' —> G is by definition a morphism of groups 
which is also a morphism of ind-varieties. A closed ind-subgroup is a subgroup H C G which 
is also a closed ind-subvariety. 

We only consider locally linear ind-groups, i.e., ind-groups admitting an exhaustion {G n } n >i 
by linear algebraic groups. Moreover, we focus on the classical ind-groups GL( oo), 0( oo), 
Sp( oo), which are obtained as subgroups of the group Aut(V) of linear automorphisms of a 
countable-dimensional vector space V : 

• Let E be a basis of 14 Define G (E) as the subgroup of elements g G Aut(V ) such that 
g(e) = e for all but finitely many basis vectors e G E. Given any filtration E = 1J (1>1 E n 
of the basis E by finite subsets, we have 

(3) G(E) = |J G(E„) 

n> 1 

where G(E n ) stands for GL((E n )). Thus G (E) is a locally linear ind-group. We also 
write G (E) = GL( oo). 

• Assume that the space V is endowed with a nondegenerate symmetric or skew-symmetric 
bilinear form oo. A basis E of V is called cu-isotropic if it is equipped with an involution 
is ■ E -A E with at most one fixed point, such that co(e,e') = 0 for any e, e' G E unless 
e' = i^(e). Given an cu-isotropic basis E of V, define G U (E) as the subgroup of elements 
g G G (E) which preserve the bilinear form oo. If a filtration E = lj„>i of the basis 
E by i ^-stable finite subsets is fixed, we have 

(4) G “(E) = |J G“(E n ) 

n> 1 

where G u (E n ) stands for the subgroup of elements g G G(E n ) preserving the restriction 
of oo. Thereby G^(E) has a natural structure of locally linear ind-group. We also write 
G U {E) = Sp(oo) when oo is symplectic, and G UJ (E) = 0(oo) when oo is symmetric. 

Remark 1. (a) Note that the group G (E) = GL(oo) depends on the choice of the basis E. 
For this reason, in what follows, we prefer the notation G (E) instead of GL(oo). 

An alternative construction of GL(oo) is as follows. Note that the dual space V* is uncount¬ 
able dimensional. Let If C V* be a countable-dimensional subspace such that the pairing 
V* x V —y K is nondegenerate. Then the group 

G(V, 14) := {g G Aut(y) : ^(14) = 14 and there are finite-codimensional subspaces 

of V and 14 fixed pointwise by g} 

is an ind-group isomorphic to GL(oo). Moreover, we have G(V,14) = G (E) whenever 14 is 
spanned by the dual family of E. 

(b) The form oo induces a countable-dimensional subspace 14 := {oo(v, ■) : v G V} C V* of the 
dual space. Then the group 

G(14<v) := {g G G(V, 14) : g preserves oo} 

is an ind-subgroup of G(V,14) isomorphic to Sp( oo) (if oo is symplectic) or O(oo) (if oo is 
symmetric). The equality G(14o;) = G U (E) holds whenever E is an cu-isotropic basis. 

(c) If oo is symplectic, then the involution : E —> E has no fixed point; the basis E is said to 
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be of type C in this case. If u is symmetric, then the involution '■ E —>■ E can have one fixed 
point, in which case the basis E is said to be of type B] if %e has no fixed point, the basis E is 
said to be of type D. Bases of both types B and D exist in V (see [U Lemma 4.2]). 

In the rest of the paper, we fix once and for all a basis E of V and a filtration E = LU E n by 
finite subsets. We assume that the basis E is cn-isotropic and that the subsets E n are i^-stable 
whenever the bilinear form u is considered. 

Moreover, if the form uj is symmetric, in view of Remark Q](b)-(c) in what follows we assume 
that the basis E is of type B and that every subset E n of the filtration contains the fixed point 
of the involution This convention ensures that the variety of isotropic flags of a given type 
of each finite-dimensional space (E n ) is connected and G^F/j)-homogeneous. Similarly, every 
i^-stable finite subset of E considered in the sequel is assumed to contain the fixed point of is- 

By G we denote one of the ind-groups G (E), G U (E). 

Let H be the subgroup of elements g G G which are diagonal in the basis E. Then H is 
a closed ind-subgroup of G called splitting Cartan subgroup. A closed ind-subgroup B C G 
which contains H is called splitting Borel subgroup if it is locally solvable (i.e., every algebraic 
subgroup B C B is solvable) and is maximal with this property. A closed ind-subgroup which 
contains such a splitting Borel subgroup B is called splitting parabolic subgroup. Equivalently, 
a closed ind-subgroup P of G containing H is a splitting parabolic subgroup of G if and only 
if P fl G n is a parabolic subgroup of G n for all n > 1, where G = [J n>1 G n is the natural 
exhaustion of ((3|) or (J4|). The quotient G/P = Un>i G>i/(P hi G n ) is a locally projective ind- 
variety (i.e., an ind-variety exhausted by projective varieties); note however that G/P is in 
general not a projective ind-variety (i.e., is not isomorphic to a closed ind-subvariety of the 
infinite-dimensional projective space P°°): see [4J Proposition 7.2] and [5] Proposition 15.1]. 

In [TJ it is shown that the ind-variety G/P can be interpreted as an ind-variety of certain 
generalized flags. This construction is reviewed in the following section. 

3. Ind-varieties of generalized flags 

In Section 13.11 we recall from [3j 0] the notion of generalized flag and the correspondence 
between splitting parabolic subgroups P of G (E) and E-compatible generalized flags T . We 
also recall from [4] the construction of the ind-varieties F1(E, E) of generalized flags and their 
correspondence with homogeneous ind-spaces of the form G(E)/P. 

In Section 1X^1 we recall from [3111] the notion of cu-isotropic generalized flags and the construc¬ 
tion of the ind-variety F1(E, uj, E) of w-isotropic generalized flags, as well as the correspondence 
with splitting parabolic subgroups of G tJ (E) and the corresponding homogeneous ind-spaces. 

For later use, some technical aspects of the construction of the ind-varieties F1(J-", E) and 
F \(F,uj,E) are emphasized in Section [3731 

3.1. Ind-variety of generalized flags. By chain of subspaces of V we mean a set of vector 
subspaces of V which is totally ordered by inclusion. 

Definition 1 ([3J0]). A generalized flag is a chain T of subspaces of V satisfying the following 
additional conditions: 

(i) every F G T has an immediate predecessor F' in F or an immediate successor F" in F\ 

(ii) for every nonzero vector v G V, there is a pair (F f , F") of consecutive elements of T 
such that v G F" \ F'. 

Let Ajr denote the set of pairs (F 1 , F") of consecutive subspaces F' , F" G T . The set Ajr 
is totally ordered by the inclusion of pairs. Given a totally ordered set (A, ^), we denote by 
F1 a(P) the set of generalized flags such that (Aj-, c) is isomorphic to (A, A). Equivalently, 
F1a(F) is the set of generalized flags T which can be written in the form 

(5) T = {F' a ,F'^.aeA}, 
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where F' a , F" are subspaces of V such that 

( F' a £ F" for all a G A; 

(6) < F" C Fp whenever a -< fl (possibly F” = F(); 

l r \ {0} = u« e/ i K \ K 

Definition 2. Let L be a basis of the space V. A generalized flag T = { F' a , F " : a G A} G 
Fl^(F) is said to be compatible with L if there is a (necessarily surjective) map a : L —>■ A such 
that 

F' a — (e 6 F : cr(e) -< a), F" = (e G F : a(e ) ^ a) 

for all a G A 

Every generalized flag admits a compatible basis (see [31 Proposition 4.1]). The group G(F) 
acts on generalized flags in a natural way. Let H(F) C G (E) be the splitting Cartan subgroup 
formed by elements diagonal in E. It is easy to see that a generalized flag T is compatible 
with E if and only if it is preserved by H(F). We denote by Pjr C G (E) the subgroup of all 
elements which preserve F. 

Proposition 1 (3} ij) . (a) If T is a generalized flag compatible with E, then P jr is a splitting 
parabolic subgroup of G(E) containing H(F). 

(b) The map T (->• Pj is a bijection between generalized flags compatible with E and splitting 
parabolic subgroups of G(E) containing H(F). 

(c) A splitting parabolic subgroup Pjr is a splitting Borel subgroup if and only if the generalized 
flag T is maximal (i.e., dim F"/F' = 1 for every pair (F',F") of consecutive elements of T). 

Remark 2. Proposition Q](c) can be interpreted as a version of Lie’s theorem for the action 
of any splitting Borel subgroup on the space V. A general version of Lie’s theorem has been 
proved by J. Hcnnig in [6]. 

Definition 3 ([3]). (a) We say that a generalized flag T is weakly compatible with A if J 7 is 
compatible with a basis L of V such that E \ E D L is a finite set (equivalently codimy (E D L) 
is finite). 

(b) Two generalized flags F, Q are said to be E-commensurable if both F and Q are weakly 
compatible with E, and there are an isomorphism of ordered sets <f) : F G and a finite¬ 
dimensional subspace U C V such that 

(i) 0(F) + U = F + U for all F G F, 

(ii) dim 0(F) DU — dimF D U for all F G F. 

Remark 3. (a) Clearly, if F, Q are F-commensurable with respect to a finite-dimensional 
subspace U, then F, Q are F-commensurable with respect to any finite-dimensional subspace 
U' C V such that U'DU. 

(b) F-commensurability is an equivalence relation on the set of generalized flags weakly com¬ 
patible with E. 

Let F be a generalized flag compatible with E. We denote by F1(F, F) the set of all 
generalized flags which are F-commensurable with F. 

Proposition 2 (pf]). The set F1(F, F) is endowed with a natural structure of ind-variety. 
Moreover, this ind-variety is G(F) -homogeneous and the map g hg gF induces an isomorphism 
of ind-varieties G(F)/Pj- = FI (F,E). 

3.2. Ind-variety of isotropic generalized flags. In this section we assume that the space 
V is endowed with a nondegenerate symmetric or skew-symmetric bilinear form cu. We write 
U 1 - for the orthogonal subspace of the subspace U C V with respect to uj. We assume that 
the basis F is cu-isotropic, i.e., endowed with an involution in : E —>■ F with at most one fixed 
point and such that, for any e, e' G F, iv(e, e') = 0 unless e! = f^(e). 
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Definition 4 ([3J0]). A generalized flag F is said to be uj-isotropic if F L G F whenever Fe J, 
and if the map F t —y F 1 - is an involution of T. 

For F as in Definition [I| the involution F t —y F 1 - is an anti-automorphism of the ordered 
set (F, c), i.e., it reverses the inclusion relation. Moreover, it induces an involutive anti¬ 
automorphism (Ff, F") (-> ((F")- 1 , (F^)- 1 ) of the set (Ajr, c) of pairs of consecutive subspaces 
of F. Given a totally ordered set (A, AAa) equipped with an involutive anti-automorphism 
%a : A —y A, we denote by Fl^(V) the set of generalized flags F G FU(F) (see (E])-®) which 
are ca-isotropic and satisfy the condition 

(7) (K^) = {FUa V n A (a)) for afl a G A. 

Remark 4. Note that the set A decomposes as 

A = A t U A 0 U A r 

where A^ = {a G A : a -< A 0 = {a G A : a = ^(a)} (formed by at most one element), 

A r = {a G A : a >- ^(ct)}, and the map i A restricts to bijections A e —» A r and A r -A A £ . 

Given any F G FFflV), we set V = U a&Ae F " and T" = f \ a&Ar K- Clearly, V C T", 
moreover it is easy to see that ( T , ) _L = T". We have either T' = T" or F' £ F". In the former 
case, the anti-automorphism i A has no fixed point, hence A = A^U A r . In the latter case, 
the subspaces F',F" necessarily belong to F, moreover we have ( F',F") = (F^ , F" ) where 
«o ^ A is the unique fixed point of i A \ thus A = Ai U {«o} LI A r in this case. 

The following lemma shows that the notions of compatibility and weak-compatibility with a 
basis (Definitions EH3J) translate in a natural way to the context of ca-isotropic generalized flags 
and bases. 

Lemma 1. Let F G Fl^(F), with (A, ^Aa) as above. 

(a) Let L be an uj-isotropic basis with corresponding involution i L : L —» L. Assume that F is 
compatible with L in the sense of Definition [H via a surjective map a : L -A- A. Then the map 
a satisfies a o i L = i A o a. 

(b) Assume that F is weakly compatible with E. Then there is an ui-isotropic basis L such that 
the set E \ E n L is finite and F is compatible with L. 

Proof, (a) For every e G L, we have e G F" (e) \ F' (e) . Then i L (e) G (F^) 1 - \ (F" (e) )F The 
definition of i A yields cr(ii(e)) = i A (cr(e)). 

(b) Let L be a basis of V such that E \ E n L is finite and F is compatible with L. Take a 
subset E' C E stable by the involution i E , such that i E has no fixed point in F', E\E' is finite, 
and E’ C E D L. Then V" (E\ E') is a finite-dimensional space and the restriction of to to 
V" is nondegenerate. The intersections F |y« := {F D V" : F G F} form an isotropic flag of 
V". Since V" is finite dimensional, it is routine to find an w-isotropic basis E" of V" such that 
F\v" is compatible with E". Then E' U E" is an ta-isotropic basis of V, and F is compatible 
with E' U E". □ 

The group G W (F) acts in a natural way on ca-isotropic generalized flags. Let FR(F) C G U (E) 
be the splitting Cartan subgroup formed by elements diagonal in F. An ca-isotropic generalized 
flag is compatible with the basis F if and only if it is preserved by FR(F). Given an cu-isotropic 
generalized flag F compatible with F, we denote by Ff C G^(F) the subgroup of all elements 
which preserve F. Moreover, we denote by FI (F,uj,E) the set of all ca-isotropic generalized 
flags which are F-commensurable with F. 

Proposition 3 (|3, 0]). (a) The map F ha P f is a bijection between u>-isotropic generalized 
flags compatible with E and splitting parabolic subgroups of G W (F) containing FP(F). 

(b) A splitting parabolic subgroup P f is a splitting Borel subgroup o/G“(F) if and only if the 
generalized flag F is maximal. 

(c) The set FI (F,uj,E) is endowed with a natural structure of ind-variety. This ind-variety is 
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G w (E)-homogeneous and the map g K > gF induces an isomorphism of ind-varieties G UJ (E)/Pf = 
Fl(F,u,E). 

3.3. Structure of ind-variety on F^J 7 , E) and F^J 7 , uj, E). In this section we present the 
structure of ind-variety on F^J 7 , E) and F\(F,uj, E) mentioned in Propositions EH3J 

We assume that F is a generalized flag compatible with the basis E. Let ( A, be a totally 
ordered set such that F G FI 4 (F). Hence we can write F = {F' a , F” : a G A}. Let a : E -A A 
be the surjective map corresponding to F in the sense of Definition [21 

Let / C E be a finite subset. The generalized flag T gives rise to a (finite) flag F\j of the 
finite-dimensional vector space (I) by letting 

r\, := {F n {/> : F 6 T] = {F' n {/), F'Jn{I):aeA}. 

Let 


d' a := dim F' a D (!) = |{e G / : cr(e) -< a}| and d'f := dim F" D (I) — |{e G / : cr(e) ^ a}|. 

We denote by F^J 7 , /) the projective variety of flags in the space (I) of the form {M' a , M'f : 
a e A} where M' a , M" C (/) are linear subspaces such that 

dim = d' a , dim M" = d'f, M' a C M" for all ct G H, and M'f C M'p whenever a -< (3. 

If J C E is another finite subset such that / C J, we define an embedding 6 / j : F^J 7 , /) ^A 
F1(.F, J), {M' a , M" : a G d} A {IV', IV" : a G H} by letting 

Ad = M' a © (e G J \ I : cr(e) -< a) and IV" = M" © (e G J \ / : cr(e) a) for all aGA 

If we consider a filtration E = (J >x E n of the basis E by finite subsets, then we obtain a chain 
of morphisms of projective varieties 

( 8 ) FI (F, Ef) 4 FI (F, E 2 ) 4 • • • 4 1 FKJ 7 , E n ) 4 Fl(F, E n+1 ) 4 • • • 

where i n := i En ,E n+1 - 

Proposition 4 ([T]). T/ie set F^J 7 , E) is the direct limit of the chain of morphisms f8f). Hence 
F\(F,E) is endowed with a structure of ind-variety. Moreover, this structure is independent of 
the filtration {E n } n >i of the basis E. 


We assume next that the space V is endowed with a nondegenerate symmetric or skew- 
symmetric bilinear form uj, that the basis E is (u-isotropic with corresponding involution ig : 
E -A E, that the ordered set {A, -F) is equipped with an anti-automorphism : A -A A, and 
that the surjection a : E -A A satisfies a o i E — i A o a so that F is an ca-isotropic generalized 
flag. 

Consider an z^-stable finite subset / C E. Then the restriction of c 0 to the space (I) is 
nondegenerate. Let F^J 7 , uj, /) C F^J 7 , 1) be the (closed) subvariety formed by flags {M' a , M" : 
a G A} such that 

((M")-y (M'J 1 ') = for all a e A, 

where the notation T j stands for orthogonal subspace in the space ({I),uj). If J C E is another 
4 -stable finite subset, then the embedding zyj restricts to an embedding if j : F^J 7 , to, I) ^A 
F^J 7 , uj, J). Consequently, for a filtration E = |J n>1 by 4 -stable finite subsets, we obtain a 
chain of morphisms of projective varieties 


(9) 


n+1 


F\{F, u, Ef) 4 FKJ 7 , u,E 2 ) 4 • • ■ 4 Fl{F, u ;, E n ) 4 Fl(4 u ;, E n+1 ) 4 


where if 1 % F 

n -C/ n ,-£/ n _|_ 1 

Proposition 5 ([3j). The set F\(F,uj,E) is the direct limit of the chain of morphisms (OJ). 
Hence FI (F, uj, E) is endowed with a structure of ind-variety, independent of the filtration 
{E n } n > i- Moreover, F \{F,uj,E) is a closed ind-subvariety ofF\(F,E). 
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4. Schubert decomposition of F^J 7 , E) and F \(F,uj,E) 

Let G be one of the groups G (E) or G UJ (E). Let P and B be respectively a splitting parabolic 
subgroup and a splitting Borel subgroup of G, both containing the splitting Cartan subgroup 
H = H (E) or FP(F'). From the previous section we know that the homogeneous space G/P 
can be viewed as an ind-variety of generalized flags of the form FhJ 7 , E) or F^J 7 , u, E). In 
this section we describe the decomposition of G/P into B-orbits. The main results are stated 
in Theorem Q] in the case of G = G (E) and in Theorem [2] in the case of G = G U (E). In both 
cases it is shown that the B-orbits form a cell decomposition of G/P, and their dimensions 
and closures are expressed in combinatorial terms. In Section 14.31 we derive the decomposition 
of the ind-group G into double cosets. Unlike the case of Kac-Moody groups, the B-orbits 
of G/P can be infinite dimensional. The cases where all orbits are finite dimensional (resp., 
infinite dimensional) are characterized in Section 14.41 In Section 14.51 we focus on the situation 
where G/P is an ind-grassmannian. 

In this section the results are stated without proofs. The proofs are given in Section [5] 

4.1. Decomposition of F^J 7 , E). Let G = G (E), H = H(F), and P, B be as above. By 
Propositions [lH2] there is a generalized flag E compatible with E such that P = P j? is the sub¬ 
group of elements g G G (E) preserving F, and the homogenenous space G(E)/P is isomorphic 
to the ind-variety of generalized flags F^J 7 , E). The precise description of the decomposition of 
F^J 7 , E) into B-orbits is the object of this section. It requires some preliminaries and notation. 

We denote by W (E) the group of permutations w : E — » E such that w(e) = e for all but 
finitely many e G E. In particular, W (E) is isomorphic to the infinite symmetric group ©oq. 
Note that we have 

W (E) = 1J W(E n ) 

n> 1 

where W(E n ) is the Weyl group of G(E n ). 

Let [A, F a ) ■= (Aj?, c) be the set of pairs of consecutive elements of F, so that F G Fl ^U) 
and in fact Flf^J 7 , E) C Fl^F). Let &(E,A) be the set of surjective maps a : E —>■ A. For 
a G &(E, A ), we denote by F a the generalized flag F a = {Ff a , F" a : a G A} given by 

(10) F' aa = (e G E : a(e) -< A ot) and F" a = (eeE:a(e)F A a). 

Thus {F a : a G &(E, A)} are exactly the generalized flags of Fl^(U) compatible with the basis 
E (see Definition EJ) • Let <7o : E —> A be the surjective map such that F = F ao . 

Remark 5. The totally ordered set (A , F A ) and the surjective map uq : E A give rise to 
a partial order on E, defined by letting e -<p e' if ao(e) -<a ^(e 7 )- Note that the partial 
order ^p has the property 

, , the relation “e is not comparable with e / ” (i.e., neither e -<p e! nor 

^ ^ e! -<p e) is an equivalence relation. 

In fact, fixing a splitting parabolic subgroup P C G(E) containing H(F') is equivalent to fixing 
a partial order on E satisfying property (ITT]) . Moreover. P is a splitting Borel subgroup if 
and only if the order ^p is total. 

The group W (E) acts on the set <5(E, A ), hence on U-compatible generalized flags of F1 j4 (U), 
by the procedure (w,a) H > a o w -1 . Let W p(E) C W (E) be the subgroup of permutations 
such that cr 0 o w~ l = cr 0 . Equivalently, W p(E) is the subgroup of permutations w G W (E) 
which preserve the fibers cr /" 1 (a) (a G A) of the map cr 0 . 

Lemma 2. The map w ha- Fa^w- 1 induces a bijection between the quotient W(£)/Wp(£) and 
the set of E-compatible generalized flags of the ind-variety Fl(*7 7 , IT). 

Let W (E) ■ a 0 = {u 0 o w~ l : w G W(F)} denote the W (U)-orbit of cr 0 . 

The splitting Borel subgroup B is the subgroup B = Pj- 0 of elements g G G (E) preserving a 
maximal generalized flag Fq compatible with E (see Proposition[T]). Equivalently B corresponds 
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to a total order on the basis E (see Remark 02). Then, the generalized flag Eq = { F [ g e , F" e : 
e E E} is given by F( e — (e' E E : e' -< B e) and Fg( e = (e' G E : e’ ^ B e ) for all e G E. 

Relying on the total order y< B , we define a notion of inversion number and an analogue of 
the Bruhat order on the set G(E,A). 

Number of inversions n irw (a). We say that a pair (e, e') G E x E is an inversion of a E 
&(E,A) if e -< B e' and cr(e) >-^ cr(e'). Then 

ni nv (cr) := |{(e,e / ) G E x E : (e, e') is an inversion of cr}| 

is the inversion number of a. 

Remark 6. (a) The inversion number ni nv (cr) may be infinite. 

(b) If cr G W (E) ■ (To, say a = ao ° w with w G W (E), then the inversion number of a is also 
given by the formula 

n inv (cr) = |{(e, e') G E x E : e -< B e' and w(e) >~p w(e')}\ 

(see Remark ED- Note that the inversion number n- mv (a ) cannot be directly interpreted as a 
Bruhat length because we do not assume B to be conjugate to a subgroup of P. 

Partial order < on G(E,A). We now define a partial order on the set G(E,A), analogous 
to the Bruhat order. For (e, e') G E x E with e e', we denote by t e j6 / the element of W (E) 
which exchanges e with e’ and fixes every other element e" G E. Let a, r G G(E,A). We set 
a<r if r = aotg g/ for a pair (e, e') G E x E satisfying e -< B e' and cr(e) cr(e'). We set a < r 
if there is a chain To = cr<Ti<72< ... <7T = r of elements of G(E, A) (with k > 1). 

Element ag G ©(i?,A). Given a generalized flag Q = : a E A} E Fl^(R) weakly 

compatible with E, we define an element erg E &(E, A) which measures the relative position of 
Q to the maximal generalized flag J r 0 . Set 

(12) crg(e) = min (a G A : G" D F{J e ^ G" D Ro ie } for all e E E. 

[It can be checked directly that the so obtained map ag : E —» A is indeed surjective, hence an 
element of &(E,A). This fact is also shown in Section Umll in the proof of Theorem [21] 

We are now in position to formulate the statement which describes the decomposition of 
E) into B-orbits. 

Theorem 1. Let Pj- be the splitting parabolic subgroup of G(E) containing H(F), and corre¬ 
sponding to a generalized flag T = E ao E Fl^CF) (with a 0 E 6(E,A)) compatible with E. Let 
B be any splitting Borel subgroup of G(E) containing H(i?). 

(a) We have the decomposition 

G(E)fPjr = Fl( E, E) = |J BE a = U "BEy 0 ow~ t- 

ueW(E)-ff 0 i»6W(E)/W p (E) 

(b) A generalized flag Q E F^J 7 , E) belongs to the B-orbit BT a (a E W (E) ■ a 0 ) if and only if 
a g = a. 

(c) The orbit B T a (cr E W (E) ■ a 0 ) is a locally closed ind-subvariety ofF\(E,E) isomorphic to 

the affine space (which is infinite dimensional ifn imr (a) is infinite). 

(d) For a,r E W (E) ■ ao, the inclusion BE a C BJ> holds if and only if a <r. 

4.2. Decomposition of F^J 7 , oj, E). In this section the basis E is (n-isotropic with corre¬ 
sponding involution ie : E —>• E (see Section 13.21) . Let P C G“(F) be a splitting parabolic 
subgroup containing FP(i?), or equivalently let T be an cn-isotropic generalized flag compatible 
with E (see Proposition [3D . Let B C G W (E) be a splitting Borel subgroup containing FP(F). 
We study the decomposition of the ind-variety G U (E)/P = F1(E, lo, E) into B-orbits. 

Let (Aj^aAa) be a totally ordered set with involutive anti-automorphism such that 

T E Fl^(P). We denote by G U1 (E,A) the set of surjective maps a : E —>■ A such that 
a(iE{e)) = iA(cr(e)) for all e G E. By Lemma [H {E a : cr g G U1 (E, A)} are exactly the elements 
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of Fl^(V) compatible with E (the notation E„ is introduced in (ITU]) ). Let <j 0 G © U (E,A) be 
such that T = E„ 0 . 

The group W U (E) is defined as the group of permutations w : E —>• E such that w(e) = e for 
all but finitely many e G E and w(iE(e)) = ie(u>(e)) for all e G E. Note that W W (E) acts on 
the set © w ( E , A) by the procedure (w, a) a o w~ l . Let Wp (E) be the subgroup of elements 
w G W “(E) such that cr 0 o w~ l = cr 0 and let W “(E) - cr 0 := {cr 0 o w~ l : w G W “(E)} be the 
W‘ J (E)-orbit of cr 0 . 

Lemma 3. The map w n- E aoow -i induces a bijection between W u ’(E)/XNp(E) and the set of 
E-compatible elements of F\(E,co, E). 

The splitting Borel subgroup B is the subgroup B = P^- o of elements preserving some 
maximal cu-isotropic generalized flag Eq compatible with E. We can write Eq = { F \q e , F(f e : e G 
E} with Fq — (e 1 G E : e' -<b e) and F(f e — (e 1 G E : e' e), where ^b is a total order 
on E. Moreover, the fact that Eq is oi-isotropic implies that the involution ie : E —> E is an 
anti-automorphism of the ordered set (E, ^b)- 

Number of inversions nf m (a). Let a G ©“(E, A). We define an u-isotropic inversion of a as 
a pair (e, e') G E x E such that 

e -<b e', e -< B Le(e), e' i E (e'), and a(e) y A er(e'). 

Let 

nf nv (a) = |{(e,e') G E X E : (e,e') is an oi-isotropic inversion of er}|. 

Partial order < u on &“(E,A). Given (e, e') G E x E with e 7^ e', i#(e) 7^ e, is(e') 7^ e', we 
set 

^e,e' = ^e,e' ° ^i.E(e),iE(e') if 6 7 ^ G = t e ,e' if e = ii<;(e). 

Thus tg e , G W W (E). Let a, r G © a '(i?, Al). We set a< u r if r = cr o t£ e , for a pair (e, e') 
satisfying e -<b e' and cr(e) -<yi cr(e'). Finally we set a r if there is a chain r 0 = 
er< u T\< u)T 2 <u . . . <uTk = r of elements of &“(E, A). 

Theorem 2. Let Pj- 6e i/ie splitting parabolic subgroup of G U (E) containing H U (E), and 
corresponding to an E-compatible generalized flag E = E a0 G Fl^(P) (with a 0 G G U (E,A)). 
Let B be any splitting Borel subgroup of Q U (E) containing FP(F'). 

(a) We have the decomposition 

G"(£)/P£ = Fl(E,u,E)= □ BE a = |J BE aoOW -x. 

o-eW“(_E)-cr 0 t«EW“(£)/W“(B) 

(b) For Q G F \(E,uj,E) the map <jg : E —>• A (see (JM)) belongs to W“(F) • cr 0 . Moreover, Q 
belongs to B E a (a G W W (F) • croj if and only if erg = cr. 

(c) T/ie or&zt BJv (a G W U (E) -gq) is a locally closed ind-subvariety ofF\(E , cn, E) isomorphic 
to the affine space A n 'EE) (possibly infinite-dimensional). 

(d) For cr, r G W W (F) ■ cr 0 , t/ie inclusion B C BJ> holds if and only if a < u r. 

4 . 3 . Bruhat decomposition of the ind-group G = G(E) or G U (E). Let H = H(F) or 

H U (F), and let W = W (E) or W UJ (F). If W = W (E), the linear extension of w G W is an 
element w G G (E). If W = W W (F), we can find scalars A e G K* (e G E) such that the map 
e i —y X e w(e) linearly extends to an element w G G U (E). In both situations it is easy to deduce 
that W is isomorphic to the quotient IVg(H)/H. 

Given a splitting parabolic subgroup PcG containing H, we denote by Wp the correspond¬ 
ing subgroup of W. The following statement describes the decomposition of the ind-group G 
into double cosets. It is a consequence of Theorems [TH2J 

Corollary 1. Let G be one of the ind-groups G (E) or G U (E), and let P and B be respectively 
a splitting parabolic and a splitting subgroup of G containing H. Then we have a decomposition 

G = |J BiuP 

we W/Wp 
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Remark 7. (a) Note that the unique assumption on the splitting parabolic and Borel subgroups 
P and B in Corollary Q] is that they contain a common splitting Cartan subgroup, in particular 
it is not required that B be conjugate to a subgroup of P. 

(b) The ind-group G admits a natural exhaustion G = (J n>1 G n by finite-dimensional subgroups 
of the form G n = G(E n ) or G n = G u (E n ) (see Section 12 . 21 ) . Moreover, the intersections 
P n := Pfl G n and B n := B D G n are respectively a parabolic subgroup and a Borel subgroup 
of G n , containing a common Cartan subgroup. Then the decomposition of Corollary |T] can be 
retrieved by considering usual Bruhat decompositions of the groups G n into double cosets for 
P n and B n . 

4.4. On the existence of cells of finite or infinite dimension. In Theorems [T] [2] it appears 
that the decomposition of an ind-variety of generalized flags into B-orbits may comprise orbits 
of infinite dimension. The following result determines precisely the situations in which infinite¬ 
dimensional orbits arise. 

Theorem 3. Let G be one of the groups G (E) or G U (E). Let P. B C G be splitting parabolic 
and Borel subgroups containing the splitting Cartan subgroup H of G. 

(a) The following conditions are equivalent: 

(i) B is conjugate (under G) to a subgroup of P. 

(ii) At least one Ji-orbit of G/P is finite dimensional; 

(iii) One P-orbit of G/P is a single point (and this orbit is necessarily unique). 

(b) Let eIb be the total order on the basis E induced by B. Assume that P ^ G. The following 
conditions are equivalent: 

(i) B is conjugate (under G ) to a subgroup of P, mid the ordered set ( E , Ab) is isomorphic 
(as ordered set) to a subset of (Z, <); 

(ii) Every P-orbit of G/P is finite dimensional. 

Remark 8 . (a) Theorem [3] provides in particular a criterion for a given splitting Borel subgroup 
to be conjugate to a subgroup of a given splitting parabolic subgroup. This criterion is applied 
in the next section. 

(b) Following [4], we call a generalized flag Q a flag if the chain (Q, c) is isomorphic as ordered set 
to a subset of (Z, <). Then the second part of condition (b) (i) in Theorem [3] can be rephrased 
by saying that the maximal generalized flag Pq is a flag. Another characterization of flags is 
provided by [4, Proposition 7.2] which says that the ind-variety of generalized flags F1(C/, E) 
(resp.. FI {G,UJ, E)) is projective (i.e., isomorphic as ind-variety to a closed ind-subvariety of the 
infinite-dimensional projective space P°°) if and only if Q is a flag. 

4.5. Decomposition of ind-grassmannians. A minimal (nontrivial) generalized flag T = 
{0,F, V} of the space V is determined by the proper nonzero subspace F C V. If T is 
compatible with the basis E, then the surjective map cr 0 : E —* {1, 2} such that F — (e 6 E : 
cr 0 (e) = 1) can be simply viewed as the subset cr 0 C E such that F = (cr 0 ). 

In this case the ind-variety Fl(7-\ E) is an ind-grassmannian and we denote it by Gr(F, E). 

• If k := dim F is finite, a subspace F\ C V is F-commensurable with F if and only if 
dim F\ = k. Thus the ind-variety Gr (F,E) only depends on k, and we write Gr(fc) = 
Gr(F, E ) in this case. 

• If k := codimv'F is finite, the ind-variety Gr (F,E) depends on E and k (but not on 
F). It is also isomorphic to Gr (k). Indeed, the basis E C V gives rise to a dual 
family E* C V*. The linear space V* := (E*) is then countable dimensional. Let 
U* {(j) G \f : (f>{u) = 0 Vm 6 17} be the orthogonal subspace in If of a subspace 
U C V. The map U K > U# realizes an isomorphism of ind-varieties between Gr(F, E) 
and {F' C If : dim F’ — k} = Gr (k). 
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• If F is both infinite dimensional and infinite codimensional, the ind-variety Gr(F, E) 
depends on (F, F), although all ind-varieties of this type are isomorphic; their isomor¬ 
phism class is denoted Gr(oo). Moreover, Gr(oo) and Gr (k) are not isomorphic as 
ind-varieties (see [101] ). 

Let 6(E) be the set of subsets a C E. The group W (E) acts on 6(E) in a natural way. 
The W(F)-orbit of <j 0 is the subset W (E) ■ a 0 = {a £ 6(E) : |cr 0 \ a\ — \a \ cr 0 | < + 00 }. We 
write F a = (a) (for a £ 6(E)). 

The following statement describes the decomposition of the ind-grassmannian Gr(F, E) into 
B-orbits. It is a direct consequence of Theorem Q] 

Proposition 6. Let B C G (E) be a splitting Borel subgroup containing H(F). 

(a) We have the decomposition 

Gr (F,E) = |J B F a . 

ctEAV {E)-a 0 

(b) For F' £ Gr(F, E), we have F' £ B F a if and only if 

a = op' := {e £ E : F' D (e r £ E : e' -<b e) F' D (e' £ E : e' e)}. 

(c) For a £ W (E) ■ao, the orbit B F a is a locally closed ind-subvariety of Gv(F, E) isomorphic 
to an affine space A da of (possibly infinite) dimension 

d a = iLiw(o') := | {(e, e') £ E x E : e -<b e', e f a, e £ cx}|. 

(d) Fora, r £ W(F)-cr 0 ., the inclusion B F a C BF r holds if and only if a < r, where the relation 

a < r means that, if e± -<b e 2 -<b • • • -<b are the elements of a\r and f\ -<b /2 Fb • • • Fb ft 
are the elements of r\a, then e* -<b fi for all i £ {1 . 

Example 2 (Case of the ind-grassmannian Gr (k)). Let &k(E) be the set of subsets a C E of 
cardinality k. Given cr 0 £ 6fiE), set F = ( a 0 ), and consider the splitting parabolic subgroup 
P p = {g £ G (E) : g(F) = F} and the ind-grassmannian Gr (k) = Gr(F, E) = G(E)/Pp. By 
Proposition [6] (a), we have the decomposition 

Gr (k)= |J B Fa. 

cre6 k (E) 

By Proposition [6](c), the cell BF CT is finite dimensional if and only if a is contained in a finite 
ideal of the ordered set (F, F B ), i.e., there is a finite subset a C F satisfying (e £ a and e' ^b e 
e! £ a) and containing a. It easily follows that there are finite-dimensional B-orbits in Gr (k) 
if and only if the maximal generalized flag Fo corresponding to B contains a subspace M of 
dimension k. By Theorem [31 B is conjugate to a subgroup of the splitting parabolic subgroup 
P^ exactly in this case. By Theorem |3] (or directly), we note that all cells BF^ C Gr(fc) are 
finite dimensional if and only if (F, ^b) is isomorphic to (N, <) as an ordered set, in other 
words Fo is a flag of the form 

(13) F 0 = (F 0i0 C F 0j 1 C F 0; 2 C ...) with dim F 0ii = i for all i > 0. 

By Proposition 0(d) , given a = {ei -< B e 2 F B • • • F B e k } and r = {/j -< B f 2 ~< B ■■ ■ -< B fk}, 

we have BF^ C BF T if and only if ej F B f t for all i £ {1,..., k}. 

Now let To C F be an infinite subset whose complement F \ To is finite of cardinality k. Let 

M = (r 0 ) be the corresponding subspace of V of codimension k and let Pm C G(F) be the 

corresponding splitting parabolic subgroup. We consider the ind-grassmannian Gr(M, F) = 
G(F)/Pm which is isomorphic to Gr (k) = G(E)/P F as mentioned at the beginning of Section 
14.51 If Fo is as in (TT3l) and B is the corresponding splitting Borel subgroup, then it follows 
from Proposition 0(c) that every B-orbit of Gr (M,E) is infinite dimensional. By Theorem 0 
this shows in particular that the splitting parabolic subgroups Pp and Pm are not conjugate 
under G(F). 
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Example 3 (Case of the infinite-dimensional projective space). Assume that k = dimF = 
1. In this case Gr (k) is the infinite-dimensional projective space P°° (see Example Q]). The 
decomposition becomes 

P°° = □ C e 

e£E 

where C e = B(e) = {L line : L C (e' G E : e' T B e), L (jL (e' E E : e! T B e)} for all e G E. The 
cell C e is isomorphic to an affine space of dimension dimC e = |{e' G F : e' T B e}|. Moreover, 
C e C Cf if and only if e ^ B /. 

In this case the maximal generalized flag Fq = {Fj e , F^ e : e E E} corresponding to B can 
be retrieved from the cell decomposition: 

F" e = L and F^ e = L for all e E E. 

Lec e Le c e \c e 

More generally, let ( A , T) be a totally ordered set and let P°° = LLga be a linear cell 
decomposition such that C a C Cp whenever a T /3. By “linear” we mean that each C a is 
a projective subspace of P°°, i.e., we can find a subspace F" C V such that C a = P (F"). 
Setting F' a = Y2p< a Fp, we S e ^ a generalized flag E 0 := {F' i} F" : a E A} such that P(F") \ 
P(F^) is a (possibly infinite-dimensional) affine space for all a. The last property ensures that 
dim F'a/F' a = 1, i.e., Fo is a maximal generalized flag. In this way we obtain a correspondence 
between maximal generalized flags (not necessarily compatible with a given basis) and linear 
cell decompositions of the infinite-dimensional projective space P°°. 

Example 4 (Case of the ind-grassmannian Gr(oo)). Assume that the basis E is parametrized 
by Z, in other words let E = {ej}j G z. We consider the splitting Borel subgroup B corresponding 
to the natural order < on Z. 

Let F = (ei : i < 0). Then the ind-variety Gr (F,E) is isomorphic to Gr(oo). We have 
B C P F . It follows from Theorem [3] that every B-orbit of Gr (F,E) is finite dimensional. 

Let F' = (e t : i E 2Z). Again the ind-variety Gr(F', E) is isomorphic to Gr(oo). However in 
this case we see from Proposition E](c) that every B-orbit of Gr (F',E) is infinite dimensional. 

We now suppose that the space V is endowed with a nondegenerate symmetric or skew- 
symmetric bilinear form c o and the basis E is cu-isotropic with corresponding involution %e : 
E —> E. Then a minimal cu-isotropic generalized flag is of the form T = (0 C F C F 1 - C V) 
with F C V proper and nontrivial, possibly F = F ± . Assuming that F is compatible with the 
basis E, there is a subset a 0 C E such that F = (cr 0 ) and ig(cr 0 ) D a 0 = 0 as the generalized 
flag is cu-isotropic. The ind-variety F1(F, u>, E ) is also denoted Gr (F,u, E ) and called isotropic 
ind- grassmannian. 

• If dim F = k is finite, the ind-variety Gr (F,uj,E) is the set of all fc-dimensional sub¬ 
spaces M C V such that M C M 1 -. This ind-variety does not depend on (F, E ) and we 
denote it also by Gr w (k). 

• If dim F is infinite, the isomorphism class of the ind-variety Gr(F, oj,E) also depends 
on the dimension of the quotient F^/F. A special situation is when dimF- L /F G {0,1}, 
in which case Gr (F,oj,E) is formed by maximal isotropic subspaces. 

We denote by ©“(F) the set of subsets a C F such that ?e(<t) Ha = 0. The group W“(F) acts 
on ©“(F) in a natural way. The orbit W “(F) • Co is the set of subsets a E ©“(F) such that 
|cx \ ctq| = |cr 0 \ cr| < Too. From Theorem [2] we obtain the following description of the B-orbits 
ofGr (F,lu,E). 

Proposition 7. Let B be a splitting Borel subgroup o/G“(F) corresponding to a total order 
^ B on E. Recall that Ie is a anti-automorphism of the ordered set (F, e^b)- 
(a) We have the decomposition 

Gr(F, u>, E) = |J B F a 

(jGW w (E)’cr o 
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where as before F a = (a). 

(b) For F' G Gr(J, cu, J) we haveoF' G W w (J)-cr 0 (see Proposition^^ b)), moreover F' G B F a 
if and only if a = op’ ■ 

(c) For a G W U (E) -ao, the orbit B F a is a locally closed ind-subvariety of Gr(J, u, E) isomor¬ 
phic to an affine space of (possibly infinite) dimension 

K nv (a) := |{(e,e 7 ) e ExE / ^(e 7 ), e -<b H?(e), ((e ^ a, e 7 G a) or (i E (e) G a, ^(e 7 ) ^ cr))}|. 

(d) For a, r G W W (J) • a 0 , i/ie inclusion B F a C 15 holds %f and only %f o r , where the 
relation a <t is defined as in Proposition^ d). 

Example 5 (Case of the isotropic ind-grassmannian GFfk)). In this case the cells BF ff are 
parametrized by the set &f(E) of finite subsets ffCFof cardinality k such that z^(cr) Her = 0. 

The cell B F a is finite dimensional if and only if cr is contained in a finite ideal cr of the ordered 
set (E, ^b)- Thereby the ind-variety Gr w (k) has finite-dimensional B-orbits if and only if the 
ordered set (E, A B ) has a finite ideal with k elements. Equivalently, the maximal generalized 
flag Fq corresponding to B has a subspace M G Jo of dimension k. Since J 0 is maximal and 
oi-isotropic, it is of the form 

Jo = {0 = Fo.o C F 0 ,i C ■ ■ ■ C F 0 .fc C (...) C ^ C ... C F^ C F ^ 0 = V} 

with infinitely many terms between Joy- and F^ k . Hence the ordered set (Jo, C) is not isomor¬ 
phic to a subset of (Z, <). By Theorem [3] this implies that Gr u (k) admits infinite-dimensional 
B-orbits. Therefore, contrary to the case of the ind-grassmannian Gr(fc) (see Example [2]), 
there is no splitting Borel subgroup B C G W (J) for which all B-orbits of the isotropic ind- 
grassmannian Gr u (k) are hnite dimensional. 

Assume that uj is skew symmetric and k — 1. Then Gr u (k) coincides with the entire infinite¬ 
dimensional projective space P°°. The above discussion shows that, for every splitting Borel 
subgroup B of G “(E), there are infinite-dimensional B-orbits in the projective space P°°. We 
know however from Examples 0H2] that, for a well-chosen splitting Borel subgroup of G (E), the 
infinite-dimensional projective space P°° admits a decomposition into finite-dimensional orbits. 
Therefore the realizations of P°° as Gr(l) and Gr“(l) yield different sets of cell decompositions 
on P°°. 

Example 6 (An isotropic ind-grassmannian with decomposition into finite-dimensional cells). 

Let E — {ej : i G 2Z + 1} be an w-isotropic basis of V such that uj{e^ Cj) = 0 unless i + j — 0. 

For k > 1, we let F = (e, : i < — k) and consider the ind-grassmannian Gr(J, u, E). Let B be 
the splitting Borel subgroup of G W (E) corresponding to the natural total order < on 2Z + 1. 

We then have B C P£- := {(] G G W (J) : g(F) = F}, hence by Theorem [3] (b) all the B-orbits 
of the ind-grassmannian Gr(J, uj, E) are hnite dimensional. 

5. Proof of the results stated in Section 0] 

Throughout this section let G = G (E) or G W (J), and W is the corresponding group W (E) 
or W U (E) (see Sections I4.1114.2p . The proofs of the results stated in Section 0] are given in 
Sections I5.3H5.5[ They rely on preliminary facts presented in Section 15.11 (which is concerned 
with the combinatorics of the group W) and Section 15.21 (where we review some standard facts 
on Schubert decomposition of hnite-dimensional hag varieties). 

5.1. Combinatorial properties of the group W. We hrst recall certain features of the 
group W: 

• W = jV G (H)/H where H C G is the splitting Cartan subgroup of elements diago¬ 
nal in the basis E ; specifically, to an element w G W, we can associate an explicit 
representative w G AJ(H) (see Section fOD . 
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• We have a natural exhaustion 

W= |J W n 

n> 1 

where W n = W(E n ) (resp. W n = W u (E n )) is the Weyl group of G n = G(E n ) (resp. 
G n = G“(E n )). 

• Let E' = E if G = G (E) and E' = {e G E : i E (e) + e} if G = G U (E), and let 

E = {(e, e') e£'xfi':e / e'}. 

For (e, e') G E, set s e , e / = t e>e i if G = G (E) and s e , e / = tf e , if G = G “(E) (see Sections 
I4.lff4.2jh In both cases for each pair (e, e') € E, we get an element s e ,e' G W. Clearly 
{s e y : (e, e') G E} is a system of generators of W. 

5.1.1. Analogue of Bruhat length. As seen in Sections 14.1114.21 fixing a splitting Borel subgroup 
B of G with B D H is equivalent to fixing a total order Tb on the basis E (resp., such that 
the involution i E : E —)■ E becomes an anti-automorphism of ordered set, in the case where 
G = G w (£ 1 )). This total order allows us to define a system of simple transpositions for W by 
letting 

5b = {s e ,e' : e, e' are consecutive elements of ( E ', Ab)}- 
Note however that in general 5b does not generate the group W. For w G W, we define 
Ib(w) = nrin{m > 0 : w — Si ■ ■ ■ s m for some si,..., s m G 5b} 
if the set on the right-hand side is nonempty, and 

£b(w) = +oo 

otherwise. 

For every n > 1, the order ^b induces a total order on the finite subset E n c E, and thus a 
system of simple reflections 5 b, n '■= {s e ,e' '■ e, e! are consecutive elements of (E n C\ E' b)} of 
the Weyl group W n . Let £b ,n{w) be the usual Bruhat length of w G W n with respect to 5 b , n - 


Proposition 8. Let w G W. Then 
(a) 4H = lim^oofB,™^); 

fbl i (w) = I l^ e,e ^ e & '■ e e! and w(e) w(e')}\ if G = G (E), 

L ” \ | { (e, e') G E : e -<b e', e -<b is(e) and w(e) >-b w{e')}\ ifG = G ul (E); 

(c) £b(w) = +oo if and only if there is e G E such that the set {e! G E : e -<b e' -<b w(e)} 
is infinite. 


Proof. Denote by tub (in) the quantity in the right-hand side of (b). Then 

(14) 4s(w) > lim £ B ,n(m) = m B (in) 

n—>oo 

(the inequality is a consequence of the definitions of £ B (w) and £b, n( w ) while the equality 
follows from properties of (finite) Weyl groups). 

Let I e (w) = {e' G E : e -<b e' -*<b w (e)}. We claim that 

(15) m B (u>) = Too yy 3e G E such that \I e (w)\ = Too. 

We first check the implication =>■ in The assumption yields an infinite sequence 

{(e*, e')}j G N such that e* Tb e i and w(ef) Tb in(e'). Since w fixes all but hnitely many elements 
of E , one of the sequences {e*}^ and {e'}^ has a stationary subsequence, and thus along a 
relabeled subsequence {(e*, e')}^ we have e* = e for all j G N and some e G E, or e' = e! for 
all i G N and some e’ G E. In the former case, the set {e' : w(e' i ) = e[} is inhnite and contained 
in I e (w). In the latter case, we similarly obtain that the set {/ G E : w(e') -<b / Tb e'} is 
inhnite, and since w has hnite order, this implies that I w t^(w) is inhnite for some r > 1 . 

Next we check the implication in (1151) . We assume that \I e (w)\ = Too for some e G E. 
(Then, necessarily, w(e) e, hence e 7 ^ ie(e) in the case where G = G U (E).) Since w hxes all 
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but finitely many elements of E, the set {e 7 G I e (w) '■ w{e') = e 7 } is infinite. Therefore, there 
are infinitely many couples (e, e') G E such that e Tb e ' and w(e) Tb w(e'). Moreover, in the 
case where G = G “(E), up to replacing (e, e!) by (^(e 7 ), z#(e)), we get infinitely many such 
couples satisfying e Tb 4 e(c). This implies m-&{w) = +oo, and (fT5l) is proved. 

In view of flTjj) and (na, to complete the proof of the proposition, it remains to show the 
relation Zb (w) < m^{w). We argue by induction on m&(w). 

If ms(e) = 0, we get w = id, and thus £b(w) = 0. Now let w G W such that 0 < rriB(w) < 
Too and assume that Ib{w') < tub ('ll/) holds for all w' G W such that ms ('ll/) < m b{w). 

Let e G E' be minimal such that there is e' G E' with e Tb e 7 and w(e) Tb w(e'). Choose e' 
maximal for this property. We claim that 

(16) the set {i G E : w(e) Tb i Tb w(e')} is finite. 

Assume the contrary. Since w fixes all but finitely many elements of E , there are infinitely 
many i G E such that w(e) Tb i = w(i ) Tb w(e'). Note that we have e Tb i by the minimality 
of e. Thus there are infinitely many elements in the set I e {w). In view of fllSp . this is impossible, 
and (gSD is established. 

By ([TI)]) we can find i G E' such that w(e') -<b i and w(e'),i are consecutive in E'. Choose 
e" G E' such that i = w{e"). By the maximality of e 7 , we have e" Tb e 7 . In the case 
where G = G “(E), up to replacing (e 77 , e 7 ) by (^(e 7 ), ^(e 77 )) if necessary, we may assume that 
e" Tb ie(e 77 ). Hence we have found e 77 , e 7 G E’ with the following properties: 

e" -<b e 7 ; w(e') Tb w(e") are consecutive in E'\ e" Tb iu(e w ) (in the case where G = G“(E)). 

It is straightforward to deduce that mB(s w ( e >) tW ( e i>)w) = rriB{w) — 1. Using the induction 
hypothesis, we derive: £b(w) < £B(s w ( e ') tW ( e ")w) + 1 < rriB(s w ( e ') tW ( e ")w) + 1 = uib(id). The 
proof is now complete. □ 

Corollary 2. The following conditions are equivalent. 

(i) 5 b generates W,- 

(ii) £b(w) < Too for all w G W; 

(iii) ( E , T b ) is isomorphic as an ordered set to a subset of (Z, <). 

Proof. The equivalence (i)-v^(ii) is immediate. Note that condition (iii) is equivalent to requiring 
that, for all e, e' G E, the interval {e 77 G E : e Tb e 77 Tb e 7 } is finite. Thus the implication 
(iii) =T(ii) is guaranteed by Proposition[8](c). Conversely, if (ii) holds true, then we get ZbOtt) < 
Too for all (e, e 7 ) G A, whence (by Proposition El(c)) the set {e 77 G E : e Tb e 77 Tb e 7 } is finite. 
This implies (iii). □ 

5.1.2. Relation with parabolic subgroups. In addition to the splitting Borel subgroup B, we 
consider a splitting parabolic subgroup P C G containing H. Recall that the subgroup P gives 
rise (in fact, is equivalent) to each of the following data: 

• an .^-compatible generalized flag T (which is a>isotropic in the case of G = G W (U)) 
such that P = {g G G : g(E) = E}\ 

• a totally ordered set (A, T A ) and a surjective map cr 0 : E —>• A such that E = E ao 
(which is equipped with an anti-automorphism : A —> A satisfying ffo °T = U °cro 
in the case of G = G UJ (E)); 

• a partial order T P on E satisfying property CD, such that e Tp e' if and only if 
co(e) Ta cr 0 (e 7 ). 

Moreover, P gives rise to a subgroup of W: 

W P = {wGW : Co ° w~ l = Co} = {w G W : e -fc-p w(e) and w(e) y£p e, Ve G E}. 

Note that we do not assume that B is contained in P. 

Lemma 4. The following conditions are equivalent: 

(i) B c P; 
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(ii) for all e,e' G E, e -<p e! =>• e -<b e' ; i.e., the total order refines the partial order 

^p; 

(iii) for all e,e' G E, e ^b e 7 => <7o(e) rM cro(e'), 7.e. ; the map a 0 is nondecreasing. 

Proof. By the definition of the generalized flag E ao , conditions (i) and (iii) are equivalent. 
Since the relation e -<p e' is equivalent to a 0 (e') j {a cr 0 (e), we obtain that (ii) and (iii) are 
equivalent. □ 


For all w G W, we let 

p/ \ = f l{(e,e') e E : e e 7 , w(e) w{e')}\ if G = G (E) 

B ' \ |{(e, e!) e E : e -< B e 7 , e -< B *u(e), w(e) w(e 7 )}| if G = G “(E). 


Note that 
(17) 


/ n inv (a 0 ow) if G = G (E) 

1 ’’CvOo ° w) if G = G “(E) 


(see Sections 14.1114.21) . We also know that 7773 ( 1 /;) = £b(w) (see Proposition [3(b)). In the 
following proposition, we characterize the property that B is conjugate to a subgroup of P in 
terms of 7773 ( 1 /;). 


Proposition 9. For w G W, recall that w G G is a representative of w in ]Vg(H). 

(a) We have B C inPi /) -1 if and only 7/7773 (in -1 ) = 0. 

(b) The following conditions are equivalent: 

(i) there is w E W such that B C ihPin -1 ; 

(ii) there is w E W such that 7773 (in) < +oo. 

Proof. Note that ihPin -1 C G is the isotropy subgroup of the generalized flag E aQO , w -i. Thus 
part (a) follows from Lemma [3 and the definition of mg (in -1 ). 

(b) The implication (i)=^(ii) follows from part (a). Now assume that (ii) holds. Choose w G W 
such that 777 . 3 ( 1 /;) is minimal. By (a), it suffices to show that 777 . 3 ( 1 /;) = 0. Assume, to the 
contrary, that 7773 ( 1 /;) > 0. Hence there is a couple (e, e 7 ) G E satisfying e -<b e 7 , in(e) w(e 7 ). 
We can assume that e is minimal such that there is e 7 with this property, and that e 7 is maximal 
possible. We claim that 

(18) the set {i G E' : w(e) >-p i >~p in(e 7 )} is finite. 

Otherwise, there are infinitely many i G E for which w(e) ^p i = w{i) ^p w(e 7 ). By the 
minimality of e, we have e -<b b Whence there are infinitely many couples (e,i) G E with 
e -<b i and w(e) >~p in(i) (in the case of G = G ^(E), up to replacing (e, 7 ) by ( 7 ^( 7 ),/^(e)), 
we may also assume that e -<b 7e(e)). Consequently, 7773 ( 1 /;) = + 00 , a contradiction. This 
establishes <nsi). 

By (fISD we can find i G E' minimal (with respect to the order A P ) such that w(e) ^p 7 >~p 
w(e 7 ). Let e" G E with w(e") = 7 . The maximality of e! forces e 77 -<b e 7 . Altogether, we 
have found a couple (e 77 , e 7 ) G E such that e" -<b e 7 , w(e") >~p w(e 7 ), and w(e 77 ) is minimal 
(with respect to the order ^ P ). For / G E, let Cp(/) denote the class of / for the equivalence 
relation defined in fjlip . We may assume that e" and e 7 are respectively a minimal element 
of i/; -1 (Cp(i/;(e 77 ))) and a maximal element of 7n -1 (Cp(w(e 7 ))) (with respect to the order A B ). 
Moreover, in the case of G = G “(E), up to replacing (e 77 , e 7 ) by (7e(e 7 ), ^(e 77 )), we may assume 
that e" -<b Then it is straightforward to check that 

{(/)/ ) ^ E . f -^B ./ 1 S w (e'),ui(e")ic(/) ^~p Sro(e'),nj(e")1/;(/ )} 

c {(/,/') G E : f /', W(f) ^p w(f')} \ {(e 77 , e 7 )}. 

Whence 7773 (s TO ( e /w e «) in) < 7773 ( 1 /;), which contradicts the minimality of 777 . 3 (in). Cl 

Finally, the following proposition points out the relation between 7773 ( 1 /;) and £3 (in). 
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Proposition 10. Assume that there is wq G W such that m B (w 0 x ) = 0 . Then, for all w G W, 
we have 

m|(w) = inf{/ B (-u; 0 -u/-u;) : w ' G W P }. 

Proof. Note that, for all e, e' G E' , we have e T P e' if and only if w 0 (e ) in 0 (e'). This 

yields m B (w) = rnff >Pu, ° (wqw) and woW P u;o 1 = W„ 5oP ,, 5o -i . Thus, invoking also Proposition 
|9](a), up to replacing P by iboPibo -1 , we may suppose that BcP and wq = id. 

By the definition of W P , Lemma [H and Proposition [ 8 ](b), for every w' G W P we obtain 

= \{(e,e') e E B ■ cr 0 (w(e)) ^ A a 0 (w(e'))}\ 

= |{(e,e') G E b ■ a 0 (w'w(e)) P A a 0 (w'w(e))}\ 

< |{(e, e') G Eb ■ in'in(e) T B w'in(e')}| = t B (w'w), 

where Eb = {(e, e') G E : e -< B e'} if G = G (E), and Eb — { (e, e') G E : e T B e', e -< B i£(e)} 
if G = G“(E). If m B (w) = +oo, the result is established. So we assume next that m B (w) < 
Too. 

Claim 1: There is w' G W P such that the set T{w'w) := {e G E : cr 0 (e) = cr 0 (w'w(e)) and 
w'w(e) 7^ e} is empty. 

For any w' G W P , the set T{w'w) is hnite. Let w' G W P such that \T(w'w)\ is minimal. We 
claim that T{w'w ) = 0. For otherwise, assume that there is e G Tfw'w). Thus a 0 (w'w(e )) = e. 
Either a 0 ((w'w) £ (e)) = a 0 (e ) for all £ G Z, or there is £ G Z such that cr 0 ((tc'w)^ _ 1 (e)) Y 
cr 0 ((w'w) e (e )) = cr 0 ((in'in) £+1 (e)). In the former case we set w" = 

■ ■ ■ S(w' w )(e),(w' w ) 2 (e) s e,(w'w)(e), where m > 2 is minimal such that (w'w) m (e) = e. In the latter 
case we set w" = si w i w y^( w i w y+i^ e \. In both cases one has w" G W P , and it easy to check that 
T{w"w'w ) $1 T(w'w), a contradiction. Hence Claim 1 holds. 

Note that rn^fw'w) = m B (w). Up to dealing with w'w instead of w, we may assume that 
1{w) = 0. For a G A, let / Q (w) = {e G : w(e) 7 ^ e}. Since T(w) = 0, one has 

4 (in) = /+(w) U /“(in) with 

/« (in) = {e G (T 0 " 1 (oi) : a 0 (w _1 (e)) Ta a} and /“(in ) = {e G (T 0 ' 1 (a) : a 0 (w _1 (e)) Ta a}. 

Claim 2: There is w' G W P with w'(e) = e whenever w(e) = e, and satisfying the following 
property: for every a G A, the set {e! G er^a) : in'(e) T B e'j is hnite whenever e G /+(w), 
and the set {e' G cr ( ^ 1 (a) : in'(e) T B e'} is hnite whenever e G /“(in). 

Let e G /+ (in). There is /(e) > 2 minimal such that cr 0 (w~ £ ^(e)) Ta a. Since m^(w) < Too, 
the set {e' G er^a) : w~^ e \e) T B e'j is hnite. Set in'(e) = w~^ e \e). Similarly, given 
e G /“(in), there is m(e) > 2 minimal such that a 0 (w~ m ^(e)) a, and the set {e' G cr^ 1 (o:) : 
w~ m ^ e \e) e '} j g g n j^ e - we se t w '{Cj = w~ m ^ e \e) in this case. If e G cr^ 1 (o:) \ I a (w ), we 
set w'(e) = e. It is readily seen that the so-obtained map in' : a^^a) —* cr^a) is bijective. 
Collecting these maps for all a G A, we obtain an element in' G W P satisfying the desired 
properties. This shows Claim 2. 

Set in = w'w with w' G W P as in Claim 2. For every a G H, the set 

J a (w) = {e G (To (a) : (3e' G crg^a) with e' T B e and cr 0 (in“ 1 (e')) Ta a) 
or (3e' G af 1 ^) with e' T B e and cr 0 (in“ 1 (e')) -< A a)} 

is hnite (by Claim 2). We write J a {w ) = {ef so that ib _1 (e“) T B ... T B ib“ 1 (e^ a ). There 
is in" G W P with w"(e ) = e whenever e ^ Uqga 4 (in) and such that 

in"(J Q (in)) = J Q (in) and in"(e") T B ... T B w"(e^ a ) for all a E A. 

Taking the construction of w" into account, one can check that there is no couple (e, e') G E 
with e T b e', in"in(e) T B in"in(e'), and <7o(in"in(e)) = o r o(m"in(e')). Therefore, m B (in) = 
/ B (in"in) = f' B ((in"in')in) with G W P . The proof is complete. □ 
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5.2. Review of (finite-dimensional) flag varieties. We consider an ^-compatible gener¬ 
alized flag T = T ao corresponding to a surjection cr 0 : E —> A. Let / C E be a finite subset 
(resp., ig-stable, if the form co is considered). In this section we recall standard properties of 
the Schubert decomposition of the flag varieties F^J 7 , 1) and F^J 7 , to, I) (see Section 13731) . We 
refer to [B El 12] for more details. 

Proposition 11. Let G = G (E). Let B be a splitting Borel subgroup of G containing H and let 
B(I) := G(/)flB be the corresponding Borel subgroup of the group G(I). Let H(I) = G(/)flH. 
Let W(I ) C W be the Weyl group ofG(I). 

(a) We have the decomposition 

Fl(J r ,I)= U B(L)T aoOW -u 

wew(i) 

Moreover, lF aoow -i is the unique element o/R(/)J 7 croow -i fixed by the maximal torus H(I). 

(b) Each subset R(/)J 7 (ToOU) - i, for w G W(I), is a locally closed subvariety isomorphic to an 

affine space of dimension |{(e, e') G / x / : e -<b e', a 0 o w~ 1 (e') -<a <to ° -1 (e)}|. 

(c) Given w,w' G W(I), the inclusion R(/)J 7 croOW -i C R(/)J 7 <T0O «,'-i holds if and only if a 0 o 
w~ l < cr 0 o w'~ l for the order < defined in Section B 

(d) Let J C E be another finite subset such that I C J. Let ijj : F^J 7 , 1) < -A F^J 7 , J) be the 
embedding constructed in Section [Q1 Then, for all w G W(I), the image of the Schubert cell 
R(/)J 7 crooU) -1 by the map Lj t j is an affine subspace of B(J)J r ao ow -i. 

Proposition 12. Let G = G“(F). Let B be a splitting Borel subgroup of G containing H 
and let B U (I) := G U {I) fl B be the corresponding Borel subgroup of the group G“(J). Let 
H“(I) — G U (I) fl H. Let W U {I) C W be the Weyl group of G u (I). 

(a) We have the decomposition 

Fl (F>,/) = |J B“(I)B aoOW -i. 

wew u (i) 

Moreover, T aoOW -i is the unique element o/R aJ (/)J 7 croOW -i fixed by the maximal torus H U (I). 

(b) Each subset R w (/)J 7 o - 0OW - 1 , for w G W U (I), is a locally closed subvariety isomorphic to an 

affine space of dimension |{(e,e') G / x / : e -<b e', e -<b ^(e), e! f i^(e'), a 0 o w~ 1 (e / ) -< A 
(j 0 ° w _ 1 (e)}|. _ 

(c) Given w,w' G W U {I), the inclusion R IJ (/)J 7 tToOU; -1 C B UJ (I)J r aoOW i -1 holds if and only if 
cr 0 o w~ l < u Cq o w'~ l , for the order < u defined in Section \fi 2[ 

(d) Let J C E be another iE-stable finite subset such that I C J. Let if j : F^J 7 , co,I) ■—> 
F^J 7 , u>, J) be the embedding constructed in Section HOI Then, for all w G W U (I), the image 
of the Schubert cell R^(/)J 7 o - 0Ol „-1 by the map if j is an affine subspace of B u { J)J ff0Om -i. 

5.3. Proof of Lemmas [2] and [3J We consider the map 

0 : W (E) —> F1 a (V), w h > J 7 jdou)- 1 

and, in the proof of Lemma El we also consider its restriction 0“ : W“(F) —> Fl^(U). 

Proof of Lemma\B Let Fl^J 7 , E) C F1(F, E) denote the subset of ^-compatible generalized 
flags. By definition the generalized flag <f>{w) is F-compatible for all w G W(F). Moreover, it 
is easily seen that <f>(w) = w(J r ao ) where w G G(F) is the element for which w(e) = w(e) for 
all e G E. Thus 0(w) is F-commensurable with T = T ao (see Proposition [2]) . Consequently, 
<j>{w) G Fl'(.F, E) for all w G W (F). 

Conversely, let Q G Fl^J 7 , E). Choosing n such that Q G F1(F, F n ), we have that Q is fixed 
by the maximal torus H(E n ) C G(E n ). Using Proposition flll(a) . we find w G W(E n ) C W (E) 
such that Q = T uqOW -\ = <f>{w). 

Finally, for w, w' G W (E), we have <$>(w) = f(w') if and only if cr 0 o w^ 1 = a 0 o w/' 1 , and the 
latter condition reads as w'~ l w G Wp(F). Therefore, 0 induces a bijection W(F)/W P (F) —* 
F1'(F,F). □ 
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Proof of Lemma\^ Let Fl^J 7 , ui, E) = Fl^J 7 , E) D F1(F, cu, E). From Lemma [2] we know that 
(j) w {w) is F-compatible and F-commensurable with T = J> 0 , whence 4> w (w) G Fl^J 7 , c o,E) for 
allu;GW w (F). 

Let Q G Fl^J 7 , uj, E). Choosing n such that Q G F^J 7 , u>, E n ), we have that Q is a fixed 
point of the maximal torus H^^En) C G u (E n ), hence we can find w G W u (E n ) such that 
Q = F« 0 o W -r = (^(w). 

As in the proof of Lemma [2] it is easy to conclude that <fP induces a bijection W U (E) /Wp (E) — > 
FI '(E,lj,E). □ 


5.4. Proof of Theorems [T] and [2j 


Proof of TheoremUl Recall the exhaustions (ED and (JSD of the ind-group G (E) and the ind- 
variety F^J 7 , E). For all n > 1, the subgroups H(E n ) := G(E n ) flH(F), B n := G(E n ) flB, and 
P n := G(E n ) HP are respectively a maximal torus, a Borel subgroup, and a parabolic subgroup 
of G(E n ). 

(a) Let Q G F^J 7 , E). By Proposition fTTlfah for any n > 1 large enough so that Q G 
F l(E,E n ), the R„-orbit of Q contains a unique element of the form E aQOW -i with w G W(E n ). 
Therefore, every element Q G F^J 7 , E) lies in the B-orbit of T a for a unique a G W (E) ■ a 0 . 

(b) Let Q = {G' a) G'f : a G A} G F^J 7 , E). According to part (a) of the proof, there is a 
unique cr G W (E) ■ cr 0 such that Q G B E a , say Q = b(E a ), where b G B. Thus 


G'a n F^ e = b(F" a n Fg e ) and G" a n F'f e = b(F" a fl F^ e ) 

(because Fo e ,Fg e are 6-stable). This clearly implies that og = o> CT . Moreover, from the 
definition of we see that F" a fl F^ e ^ F" a fl Fg e if and only if cr(e) -<a a - Whence 
cr(e) = min {a G A : F” a fl Ff e ^ F” a fl Fg e } = for all e G E. Thus Og = cr. Note that 

the last equality guarantees in particular that og G (5(F, A). 

(c) follows from Proposition fTTlfbl and (d). 

(d) We consider a, r G W(F) ■ cr 0 and let n > 1 be such that E a) E T G Fl(F, F n ). Assume 

that <7<t, i.e., t = a o t e y for a pair (e, e') G E x E with e -< B e' and cr(e) rM ° r (e / )- Up to 
choosing n larger if necessary, we may assume that e, e! G E n . Then, by Proposition |TT] (c), we 
get B n E a C B n T r . Whence B T a C BF T . This argument also shows that the latter inclusion 
holds whenever a < r. Conversely, assume that T a G B T t . Hence T a G B n E T for n > 1 
large enough. Once again, by Proposition fTTlfc). this yields a < r. The proof of Theorem [T] is 
complete. □ 


Proof of Theorem [H The proof of Theorem [2] follows exactly the same scheme as the proof 
of Theorem [T] relying this time on Proposition [12] instead of Proposition [TT] We skip the 
details. □ 


5.5. Proof of Theorem [3] 

Proof of Theorem [3] (a) Condition (i) means that there is g G G such that B C gPg -1 . This 
equivalently means that the element gP G G/P is fixed by B. i.e., that G/P comprises a 
B-orbit reduced to a single point. We have shown the equivalence (i)-v^(iii). The implication 
(iii)=^(ii) is immediate, while the implication (ii)=^(i) follows from Proposition [9] relation (TT7]1 . 
and Theorems Q](c)-[2](c). 

(b) The implication (i)=^(ii) is a consequence of part (a), Corollary [2] Proposition flOl relation 
(Eli. and Theorems Q](c)-[2](c). Assume that (ii) holds. From part (a), there is g G G such that 
B C gPg 1 . Up to dealing with gPg 1 instead of P, we may assume that BcP. Arguing by 
contradiction, say that (F, ^ B ) is not isomorphic to a subset of (Z, <). Thus there are e, e' G E 
such that the set {e” G E : e -< B e" -< B e'} is infinite. Since the surjective map <j 0 : E —>■ A, 
corresponding to P. is nondecreasing (by Lemma ED and nonconstant (because P ^ G), we 
find e,e' with e ^ B e -< B e' F B e' such that Oo(e) -<a cr 0 (e'). Then, dim B E aoOS , , = +oo (by 
Theorems Q](c)-[2](c)), a contradiction. □ 
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6. Smoothness of Schubert ind-varieties 


In this section G is one of the ind-groups G (E) or G U (E) and B is a splitting Borel subgroup 
of G which contains the splitting Cartan subgroup H = H(E) or H‘ J (£'). We consider the 
Schubert ind-varieties defined as the closures of the Schubert cells B T„ in the ind-varieties of 
generalized flags F^J 7 , E ) or F^J 7 , u>, E ). Specihcally, we study the smoothness of Schubert ind- 
varieties. The general principle (Theorem [4]) is straightforward: the ind-variety B T a is smooth 
if and only if its intersections with suitable finite-dimensional flag subvarieties of Fl(J-\ E) or 
F^J 7 , oj,E) are smooth. Note however that this fact is not immediate: see Remark [9] below. 
As an example, in Section I6T31 we give a combinatorial interpretation of this result in the case 
of ind-varieties of maximal generalized flags and in the case of ind-grassmannians. 

6.1. General facts on the smoothness of ind-varieties. The notion of smooth point of an 
ind-variety is defined in Section 12.11 We refer to [HI Chapter 4] or [TTj for more details. In this 
section, for later use, we present some general facts regarding the smoothness of ind-varieties. 
We start with the following simple smoothness criterion (see ED- 

Lemma 5. Let X be an ind-variety with an exhaustion X = (J n>1 X n . Let x G X. Suppose 
that there is a subsequence {X nk } k >i such that x is a smooth point of X nk for all k > 1. Then 
x is a smooth point of X. In particular, if X admits an exhaustion by smooth varieties, then 
X is smooth. 

Example 7. It easily follows from Lemma 0 that the infinite-dimensional affine space A°° 
and the infinite-dimensional projective space P°° are smooth. More generally, it follows from 
Propositions |4H5] and Lemma [5] that the ind-varieties of the form F^J 7 , E) and F^J 7 , oj, E) are 
smooth. 

Remark 9. The converse of LemmaOis clearly false. Consider for instance X = A°° = (J ;)>1 A n 
and let i£ A 1 . For each n > 1. let X' n C A n+1 be an n-dimensional affine subspace containing 
x and distinct of A n , and set X n = A n U X' n . The subvarieties X n exhaust A°°. Clearly £ is a 
singular point of every X n . However £ is a smooth point of A°° (which is a smooth ind-variety). 

The following partial converse of Lemma [5] is used in Section [6721 for studying the smoothness 
of Schubert ind-varieties. 


Lemma 6. Let X be an ind-variety and let X = {j n>1 X n be an exhaustion by algebraic vari¬ 
eties. Assume that each inclusion X n C X n+ i has a left inverse r n : X n+1 —* X n in the category 
of algebraic varieties. Then, if x G X is a singular point of X no for some n 0 > 1 , x is a singular 
point of X. 


Proof. We start with a preliminary fact. Let Y be an algebraic variety and Z C Y be a 
subvariety such that there is a retraction r : Y —> Z , i.e., a left inverse of the inclusion map 
i : Z =->■ Y. Let x G Z. We consider the local rings O z , x , O y , x and their maximal ideals m z,xi 
my )X . The map r induces a ring homomorphism r* : O z , x @y,x such that r*( xn k Zx ) C rriy^ for 
all k > 1. Thus r* induces maps 

r z , k : S k {m z , x /m 2 Zx ) S k (m Y , x /m^ x ) and r z , k ■ ->• 

which are respective right inverses of the maps i z ,k '■ S' fc (m>' x /my x ) —>■ S k {mz )X /vci 2 Zx ) and 
iz,k ■ '^Y,xl m Y l f x v ^z,xl vc ^zl induced by the inclusion i \ Z Y. Moreover the diagrams 


S k { m z ,x/m% x ) 
rz,k j, 

s k (%,i/my 


<PZ,k 


VY,k 


m 




fc+l 

Z.x 


rz,k 


m- 


v, 


fc-i 

>/ m Y, 


fc+l 


S k (m Y ,x/m 2 Yx ) 

and iz,k j, 

S k (m z ,x/m\ x ) 


‘fY.k 


‘fZ.k 


m' 


m 


Y, x/ m[ 
j, iz,k 

Z, x/ m Z, 


Y.x 


fc+l 


are commutative, where ipz,k and ip Y ,k are dehned in a natural way. 

In the setting of the lemma, for every n > 1, we denote m n x := The retraction r n : 

X n+1 —>■ X n induces maps r n>fc : S k (m ntX /m 2 hX ) S k (m n+hx /m 2 n+l x ) and r U)k : m^ x /m^+ 1 
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m n+i x/ m n+\ xi which are respective right inverses of the maps i n , k '■ 5 ,fc (m n+ i iI! /m^ +1 x ) —>• 

S k {vci n , x /m 2 nx ) and i Uyk : ^n+i,x/ m n+\,x m n,x/ m ntx induced by the inclusion X n C X n+ i. 
Moreover the diagrams 


rc,fc 4"" 




m fc /m fc+1 

4" ^n.k 

/m k+ l 


5 fc (nw llX /tn^ M ) 
and i n ,k 4- 


m; 


n+1 


,fc+l 


,x/ **^n-\-l,x 
>J^ ^n,k 


m fc /m 1 

n,x! “ 


fc+1 

n.x 


commute, where tp n ^ = (fix n ,k (see also ©)• 

Since x E X no is singular, there is k > 2 such that the map tp no ,k ■ S k (m n0tX /va^ 0 x ) —> 
m n 0 x/ m m \ is not injective, i.e., there is a no E ker(p n0jk \ {0}. We define the sequence {a n } by 
letting 


^n,fc°' ' '°i'no—2,k 0 ^no—l,k(@'no) if 1 — R ft Ti o aild CL n T’n—l,k < - > ' ' '°Fno+l,fc 0 ^'no,fc(Oio) if U ^ Uo- 

Then a n E S k (m n>x /m^ x ) and i n ,k( a n+i) = a n for all n > 1. Thus the sequence a := {a n } is 
an element of the inverse limit lim J S' fe (m niX /m^ ja .). Moreover, we have a E ker (p k \ {0}, where 
(p k lini p n k . Therefore (p k is not injective, and so a; is a singular point of X. □ 


6.2. Smoothness criterion for Schubert ind-varieties. Let G = G (E) (resp., G = 
G “(E)). 

Let be a totally ordered set (resp., equipped with an anti-automorphism A 

surjective map a : E -A A (resp., such that %a ° cr = cr o i E ) gives rise to an ^-compatible 
generalized flag T a = {F' a ,a, F a,a}aeA (see (HDD) and to the corresponding ind-variety X = 
F l(T a ,E) (resp., X = Fl(Jv,t o,E)) (see Section [3]). We consider the Schubert cell BTk C X. 
We denote its closure in X by X CT (resp., X“) and call it Schubert ind-variety. Note that X CT 
and X^ depend on the choice of the splitting Borel subgroup B c G. 

By Theorems Q](c), (d) and [21(c), (d), the Schubert ind-variety X CT (resp., X£) admits a cell 
decomposition into Schubert cells BTV for r < a (resp., r < u a). 

If / C E is a finite subset, then the (finite-dimensional) flag variety Fl(Tv, I) (defined in 
Section 13.31) embeds in a natural way in the ind-variety Fl(T a , E). The intersection X a j : = 
X CT nFl(J>, I) is a Schubert variety in the usual sense. In the case of G = G “(E), if the subset 
/ C E is z^-stable, the flag variety F1(J>, u, I) embeds in the ind-variety F l(J r cr ,u>, E). Again, 
the intersection Xf r := X“ fl FI (T a ,oj, I) is a Schubert variety in the usual sense. 

Note that the Schubert ind-variety X ff depends on the generalized flag T a and on the split¬ 
ting Borel subgroup B. Recall that B is the stabilizer of a maximal generalized flag To (see 
Propositions [TJ (21). Our singularity criterion (Theorem 0 below) requires a technical assumption 
on B and T a \ 

(H) At least one of the following conditions holds: 

(i) J-q is a flag (i.e., (To, c) is isomorphic as ordered set to a subset of (Z, <)); 

(ii) T a is a flag, and dim F" /F' a is finite whenever 0 ^ F' C F" ^ V . 

By Sing(X) we denote the set of singular points of a variety or an ind-variety X. 

Theorem 4. Let G = G (E) (resp., G = G UJ {E)). Let a, X CT , X", X a j, X“j be as above. 
Assume that hypothesis (H) holds. The following alternative holds: either 

(i) the variety X a J (resp., Xf r ) is smooth for all (resp., iE-stable) finite subsets I C E; 
then the ind-variety X ff (resp., X.f) is smooth; 

or 

(ii) there is a finite subset Io C E such that, for every (resp., iE-stable) finite subset I C E 
with I D Iq, the variety X a j (resp., Xf r ) is singular; then X CT (resp., Xtf) is singular 
and 

Sing(X ff ) = 1J Sing (X aJ ) (resp., Sing(X") = (J Sing(A^)j. 

IZ>Io /D/o, iE-stable 
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Proof. We provide the proof only for the case G = G (E) (the proof in the case of G = G U (E) 
follows the same scheme). 

We need preliminary constructions and notation. For a finite subset / C E and an element 
r E W(I) ■ a, we define closed subgroups of G(I) and B(I) by letting 

G t (I) := {g E G(I) : g(e) - e E (e' G / : r(e') y A r(e)) Ve G E} 
and B t (I) := {g E G(I) : g(e) — e G (e' G / : e' -< B e, r(e') >-,4 r(e)) Me E E} = B(I) D G r (I). 
It is well known that the set 

U T (I) := {gE r : g E G T (I)} 
is an open subvariety of F1(J>, /), and the maps 

: Gr(I) -A U T (I), g ha gTr and <F' T = <F T | Sr(/) : B T (I) -A H(/)JV 

are isomorphisms of algebraic varieties. Thus, for every r G W(Z£) ■ a, we obtain an open 
ind-subvariety of Fl(Jv, F) by letting 

U r :=U U T (I), 


where the union is taken over finite subsets / C E such that t E W(I) ■ a. Clearly BJv C U T , 
hence by Theorem [H(a) the open subsets U T (for r G W (E)-cr) cover the ind-variety E). 

Let /, J C E be finite subsets such that / C J. Let Fl(Jv,/), F1(J>, J) be corresponding 
finite-dimensional flag varieties, and let ij.j : F1(J>, I) —> Fl(Jv, J ) be the embedding defined 
in Section [3731 As noted in Proposition fill we have ij j(i?(/)J r cr ) C B(J)E a , hence ij j(X a i) C 
X a ,j. 

Let r E W(I) ■ cr. The inclusion G r (I) C G T (J ) holds. Moreover, using that g(e) = e for all 
g E G r (I), all e E J \ I, in view of the definition of the map lj j, we have ij t j(gE T ) = gX r E 
U T (J) for all g E G r (I). Hence the map lj j restricts to an embedding if j : U T (I) D X aJ -> 

u T (J)nx ajJ . 

Claim 1. Let /, J C E be finite subsets such that / C J and let r E W(I) ■ a. Then, i' f j 
restricts to an embedding U T (I) fl Sing(AA,/) —> U T (J) D Sing(X (Tj j). 

Let E[ C G(J) be the torus formed by the elements h E G(J) such that h(e) = e for all 
e G / and h(e) E K*e for all e E J \ I. The torus H acts on X a j. From |7j, it follows that 
Sing ((X a j) H ) C Sing(A 0 - ) j), where (X C7:J ) H C X a J stands for the subset of //-fixed points. On 
the other hand, it is easy to see that the equality if j{U T (I) fl X (j J ) = U T (J) fl (A f }J ) H holds. 
Thereby, 

ti,j(U T {I) n Sing(AV)) = U T (J) n Smg{(X aJ ) H ) C Sing(A (T ,j). 

This shows Claim 1. 

Claim 2. Let /, J C E be finite subsets such that J = / U {ej} and let r G W(I) ■ a. Assume 
that at least one of the following conditions holds: 

(i) ej -<b e for all e G /; 

(ii) ej >-b e for all e G /; 

(iii) r(ej) r(e) for all e G /; 

(iv) r(ej) r(e) for all e G /. 

Then the map f j : U T (I) fl X a j —$■ U T (J) fl X a J admits a left inverse r\ j : U T (J) 0 X a J —$■ 

u T (i) nx aJ . 

We write an element g E G (E) as a matrix (g e ',e)e',eGB such that g(e ) = Jf e ' eE 9e\e e '- Let 
G t (J) —$■ G t (J), g ha g' and Rj j : G T (J) G r (I), g i —> g be the maps defined by 


(19) 


9e'e 


and ge',e = 


0 if e 7 ^ e! and ej G {e, e'} 
g e / } e otherwise. 


0 if e t - e' = ej 
g e ' t e otherwise, 

The map Ri j induces a morphism of algebraic varieties rj j : U T (J) — > U T (I), gT r i->- gX T . It 
is clear that g = g whenever g E G T (I), hence r/ ) j(t/ i j(^)) = Q whenever Q E U T (I). 
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We claim that 

(20) 6? G U T (J) nx ff ^ rii j{G) G X CT . 

Let Q = gF r with g G G T (J). Assume that G G X ff . We first check that 

(21) G' := g'T r G X CT 

with g' as in We distinguish four cases depending on the conditions (i)-(iv) of Claim 2. 

• Assume that condition (i) holds. Let F 0 = {Fq e , Fg e : e G F} be the maximal gen¬ 
eralized flag corresponding to B, i.e., Fg e = (e' : e' -<b e) and Fg' e = (e' : e' F B e) 
(see Section 14.10 . In view of condition (i) and the definition of the map g ha r/, for any 
Fg Jo and any linear combination ^) egJ A e e G (J), we have 

eSJ eeJ 

This implication yields dim g'(M) D (J) D F > dim r/(M) fl (J) fl F for all M G F r , all 
F G Fq. It is well known that this property implies g'T r G B(J)gF T C X CT (see, e.g., 

CD- 

Assume that condition (ii) holds. Then every T = {F' al F"} a£ A £ B(J)F a satisfies 
F" C (E \ {ej}) whenever a -<a cr(ej). The same property holds whenever T G 
B(J)F a = F1(F ct , J) fl X CT . Applying this observation to F = gF T (and noting that 
r(ej) = cr(ej) because r G W(7) • cr), we deduce that g ejte = 0 for all e ^ ej, whence 
g' = g. This clearly yields (12T| in this case. 

Assume that condition (iii) holds. Then the definition of G r {J) yields g ej:e = 0 for all 
e G /, whence g' = g. This implies f[2T]) . 

Finally, assume that condition (iv) holds. Then the definition of G T (J) implies that 
g(ej) = ej. For t G K*, let h t G H(F) be defined by 

ht(e) — l ? 6 ^ 6,1 for all e G F. 

n ’ \ tej if e = ej 

We have g'F r = linp^o h t gF T . Since h t gT r G X CT for all t G K*, we get g'T r G X ff , 
whence (l2Tj) . 

Therefore (l2l| holds true in all the cases. Moreover, we have 

gF T = lim h t g'F r 

t^fO o 

with h t as in fl22]l . Since g'T r G X CT (by (121]) ) and h t stabilizes X CT , we conclude that rj j(G) = 
gT r G X CT . Whence (12U|) . 

By Q2UD , the map r) j : U T (J) fl X CT> j -A C T (J) fl AAy obtained by restriction of r/ j is well 
defined and fulfills the conditions of Claim 1. 

Relying on Claims 1 and 2, the proof of the theorem is carried out as follows. If X aJ is 
smooth for all finite subsets / C F, then Lemma |2] guarantees that X CT is a smooth ind-variety. 
We now assume that there is a finite subset J 0 C F such that X a j 0 is singular. In this case 
Lemma 0 yields an inclusion 

Sing(Xo-) C IJ Sing(AAy) 

IDI 0 

where the union is taken over all finite subsets / C F such that / D Jo- For completing the 
proof it is sufficient to prove that 

(23) Sing(X CT ,/) C Sing(X t7 ) 

for each finite subset / C E with / Z> / 0 . To show this, let G G Sing(A rJ j). There is r G W(I)-a 
such that G G U T (I). We consider the two cases involved in assumption (H). 
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• If (H) (i) holds, then let e 0 = min/ and e 4 = max/ (for the order :4 B ), and set V = 
{e & E \ e o e ^b ei}. The set /' is finite (by (H) (i)). Moreover, again relying on 
(H) (i), we can find a filtration E = (J n>1 E n with E\ = I' and E n = E n _\ U { e n } for all 
n > 2, where e n is either the minimum or the maximum of (E n , :4 B ). 

• If (H) (ii) holds, then let a 0 = min{r(e) : e E 1} and or = max{r(e) : e G 1} (for the 
order ^a), and set I' = / U {e E E : a 0 Aa T(e) -4a ctr}. The first part of (H) (ii) 
ensures that there are at most finitely many a E A such that ao -<a ol -4 a «i, while the 
second part of (H) (ii) (together with the fact that r E W (E) ■ a) implies that r~ 1 (a) 
is finite for each such a, hence the set /' is finite. Again relying on (H) (ii), we can 
construct a filtration E = (J n >i E n with E x = /' and E n = E n _ x U {e n } for all n > 2, 
where e n satisfies either r(e n ) Aa r(e) for all e E E n _\ or r(e n ) ^a r(e) for all e E E n _ x . 

In both cases, we get a filtration {E n } n > 4 of E by finite subsets such that / C E\ and, for 
every n > 2, the pair (E n _i, E n ) satisfies one of the conditions (i)-(iv) of Claim 2. We obtain 
an exhaustion of the open subset U T D X ff of X CT given by the chain 

TT *T T T ^2 tT TT Lrl 

U a ,T,l ^ U c r iTi 2 <— t Ucr,T,3 U aTn . . . 

where t/ CT , T , n = U r (E n ) D and t n = ^E n ,E n+1 - Claim 1 implies that Q is a singular point of 

By Claim 2, we can apply Lemma El which implies that Q is a singular point of U r flXg., 
hence of X CT . Therefore the inclusion (I23|) holds. The proof is complete. □ 

Remark 10. (a) Note that hypothesis (H) is valid in the case where Fl(J r (J , E) is an ind- 
grassmannian. 

(b) Hypothesis (H) is needed in the proof of Theorem [I] for showing Claim 2 which is necessary 
for applying Lemma El We have no indication whatsoever that Theorem [H is not valid in general 
(without hypothesis (H)). 

Remark 11. The Schubert ind-varieties X CT considered in this paper form a narrower class 
than the ones considered by H. Salmasian [12J. Indeed, a closed ind-subvariety iX CZ Fl(E,E) 
such that XnFl(.T, I) is a Schubert variety for all finite subsets / C E is a Schubert ind-variety 
in the sense of ra, and it may happen that X has no open B-orbit and admits no smooth point 
in this case (see [12, Section 2]). On the other hand, the ind-variety X CT defined in Section [6721 
always contains the open B-orbit BJ ff , and the points of BJv are smooth in X CT . 

6.3. Examples. A consequence of Theorem [4] is that the smoothness criteria for Schubert 
varieties of (finite-dimensional) flag varieties that are expressed in terms of pattern avoidance, 
may pass to the limit at infinity. 

For example, let us apply Theorem[4]to the ind-variety F1 (TT-', E) for an E-compatible maximal 
generalized flag T. In this case we have two total orders on the basis E: the first one A B 
corresponds to the splitting Borel subgroup B, and the second order ^jr corresponds to the 
maximal generalized flag E, i.e., T = {F' e , F” : e E E} is given by 

F' e = (e' E E : e' -< F e), F” = (e' E E : e' At e). 

By Theorem [1] the Schubert ind-varieties X ff of Fl(J r , E) are parametrized by the permutations 
cr e W (E), and we have 

dimX^ = n inv (a) = |{(e,e') E E : e Ab e’, cr(e') At cr(e)}|. 

From Theorem [4] and the known characterization of smooth Schubert varieties of full flag 
varieties in terms of pattern avoidance (see [1J §8]) we obtain the following criterion. 

Corollary 3. Assume that T or To is a flag, so that hypothesis (H) is satisfied. Let a E W (E). 
Then the Schubert ind-variety X ff is singular if and only if there exist ex, e-i, e^, e± E E such 
that ex -4b e 2 -4 b e 3 -4 B e 4 and (cr(e 3 ) At cr(e 4 ) At cr(ei) At cr(e 2 ) or cr(e 4 ) At cr(e 2 ) At 
(L(e 3 ) At <r(ei)). 
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Remark 12. (a) Corollary [3] shows in particular that, if the basis E comprises infinitely 
many pairwise disjoint quadruples (ei, e 2 , e^, etf) such that e\ -< B e 2 -<b e 3 -<b 64 and, say, 
e 3 -<jr e 4 -<jr ei -<jr e 2 , then for every permutation o G W (E), the Schubert ind-variety X CT is 
singular. Thus, there exist pairs (B, E) such that all Schubert ind-varieties of the ind-variety 
E) are singular. 

(b) In the case where the ind-variety Fl(J-\ E) has finite-dimensional Schubert cells, it has one 
cell equal to a single point (see Theorem [3]) , hence has at least one smooth Schubert ind-variety. 
Note that Fl(J-\ E) may have smooth Schubert ind-varieties although all its Schubert cells are 
infinite dimensional. Take for instance E = {ej}j G z, let the order ;< B be the natural order on 
Z, and let the order -<jr be the inverse order, i.e., i zit j if and only if i > j. Then every 
Schubert cell of FhJ 7 , E) is infinite dimensional, but the permutation cr = id® G W (E) avoids 
the two forbidden patterns of Corollary [31 hence X ff is smooth. 

As a second example, we apply Theorem [4] to the case of the ind-grassmannian Gr(2). In 
this case, for a splitting Borcl subgroup B, the Schubert ind-varieties X CT are parametrized by 
the surjective maps E — y {1, 2} such that | cr —1 (1)| = 2, or equivalently by the pairs of elements 
cr = {<7 i,<7 2 } C E. From Theorem Q] and [H §9.3.3] we have: 

Corollary 4. Let a = {cxi, cr 2 } C E with oq -<b 02 - The Schubert ind-variety X CT is smooth if 
and only if a± is the smallest element of the ordered set (E, A B ) or cri,cr 2 are two consecutive 
elements of (E, ;A B ). 
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